Prop 9.5 . o?e:cm'v\a on evets
O.pe ¥

L
D ha hy e ¥ > DA

Protabe ity & stetistics
vef. Pm\«a«cb?l\‘—e..a space

A tipet (0, % [P), wher

0. sawmple <pauce . A,Re® > AoBeXF
) Set of events =) ). Ajge ¥ = ADB e ¥
. P Pro\«;qk.‘lfﬁa ~easore f : — EMMPIQ s Bove( é—A[ng,q

A set a‘f event s , Sweth *let_

Def. Seimple Space

A set
outcomes, of wn  expevinnt .

which comfaing ol Pess ke

= Ac| vaa,m, g, 4s o]

2L, %, T xT4a,
Ded. event 4 9 ‘hjﬁ

riven o Sample spate (L, an event

ts 7\\»‘,\ ‘osa o megﬂ: c

~Expliet © A=la,2,3]

~ Iy l.'u'f: T[wen:oégj
! ENENT OCCURENCE
HcomBTNATION: Foerts Def. Occuvtence of an event

Ercaision: measo e WWZ
— finetv A tle Smnllest - algen e
bemmes M~ genersted, &~ algebre
Fot some S P *ene exlss
@ smallex] &- alpebre which. conta'ns

=> whew A /s &-alpehia

& )f:m ﬂ

Def. Botel d-algebeet
Griven a topologicl spate ()(/‘T)
we genwrate B(X)

=> Rorel 4- &(:debpq

BX)= & 1)

— GWey events L2 e with some
+ ean/ 0l ea . .
semantic meaning § o Giiven o possihle outtoyune W, on event A
ﬂs,’/n;. set //7(”1779/15 fo treat Viep— as a whole
0O weA
(8™ the ckie 3 even” = The event A occurs for w0
@ e ¢s < 3"
LeeeTcC | SET | ™eaning # Occuirente of an evgent
AND AOB (&) and (&) (). Griven on evest n a@n (/)g /C
ok AUB | o o experiment | the Pprobubilify Q‘\
NoT AC—:D_\/'\ (%) 0% the olLulrence otf owm eyet
AAR i) (&) Er‘thu D

. of «) is
(i), (@) allowed
cEvert A occurs {or w4

Pet. &= Algebre
s Evert A does not occur tos W2 e

A set of events © C PLN)
is called « &- atl?{bvfl when

Def. Almost surely

4 H1. €
MH2 4e ¢ = sce O An event A e ) occurs & Pr
7 H3 e
@ H3. , Aa, e € = &_i NoTE :94?@{%—{: OT S%NTAX .
B An ewnt Ae ” C X €y
—Alggh ren
ohe O A set
)y ¢« X £
NOTE * T seript " etenstes ). far any A A also fa € O C =~
Tthe set of all the eventd ). Untons of uad s muel be O FP[ J _—
=m {s o &~ alyebra Sacluded
&>

occutSs olmost suie [‘a

- Event B (BTP ) never scuws

BEeeif C(Ccran) always occuds

1=1
& PLx<£vd=1
& IP[.—Xfol]’-i

Pef. Probebility meucuse T

Given o {'df(é N, 7).,
on £ s « maf

P - —

= PLAl
¥ P2OPERTIES
P+ FLOT = 4

Pr. Courtable aio{}ff\u"f%

S IR

[EX5

AlA]z 0 VAep fuatlewnts A

Prop 4.8 Arithmetics of
Given o ?robsqb.'(\'-f.e mexsave on
= 0. PLeI =0
). ARd lvity [Pisgoint ]
Gven k (kz4d) parfrwrse
Asqont evets

=~ I

PRERY

O-~0VA] = B

). Probabildy of +he cowplpunt. cuant

PLAS] = - FLATD
W), PoifWise addion [D,‘srﬁ‘aiﬂ:j
Lgn 1= PLaTl+PLe]~-RE

@ TRICE:- Pefining the Prob. weasove

Griven LU ~f,‘n.‘-€e ol Coum'f‘(b((

STEP O Assoctate for exch
oufrome O e 7ralaqb-'(f{¢7

P
STEPL: Adding the proloaly’litites
U for oaa evast c
PLAT= 2 b
we

= [ ]:‘f'zﬁc 1

)

T+ PLAT

o Plobabilify mexsuie

1



OSEFOL INEQUALITEES

® monoto v\.'c(—&t/k s Union pound
e op. 1. 9. W’Omofol\\'c—(‘{‘gf
Lot events ; B &

iy Ye = ®LAD 2 FLE]
Prep. 4,120 Onion bound

LR IR !
=4 =4

g IDEA:
Findiny UPp- bound of T vs'ng eaciar ety

Det. In/deweusivy sequence of eeats

[ A sesuente (Ap)psg of

2l eats i

' A weasing e An € Angqg Yn >4

oul((.l‘LqSl‘f\f?, & AL D Apa Yn21

oA areasingy

- decreas “,\?

VMY NSTE S @ 0S¢ egudities

A CR:) Recre« 9.’v\2.
o=

(e o= (g 13.-°>c

=

CONTINUITY o P
Prop. 4.42. Lipks
» 11\&(‘205\-/\9_ Wit <<

O Vn ALC Apa
= Uwm PLALT :?[C)An]
A 00 W=g

» Decmqs;,\?, Lt <<

OvVn RaDBnua

= Uw RLeals P[]

haplae wmodels X counting

et Laplace wode\

A tople C : , P) on @ Eetineding
prowabi(My or

o samp(e spm(e Such thet Laplate wodel

e~

0. ‘s “'f{v\\“ﬁﬂ sow«‘;(.a Specce (wuwﬁv\? “the nuwher

. of demets

. = P(n) aned ta

W, P -

\V[ 3 « IPL ’]=l_L

|

CoONDILTIONAL PROPARILITLES

De-f‘ Cond. prob. of A Fven
(! Probqhil\‘(»& spree (v, 7, ®)
O Eyests A e

’

@ PLe] =0

=> the cond. prob of A sipen

o lag. FLARET
FLAIBI-—5rag

Remac\ ¢ “ Condtlonal on

’

2 thau&s occuss
= 8
’FP[ BI .] - M =1
Pled

Multiplication rule
PLanp]= PlAIR]-PIET= PIe1AT- PLAT

Prop. 4.25. induted P by conditionel esent
Q Prob. spae (11,77, 7D
O Evert B¢

g PLel1=o0

QA W\HP” ﬂ)[[ ]:

—

= The MP* /S a prob. preasesR
on N

Prop. 2,26, Totel Prﬂbﬂb/[{‘f%

O A sawple space
(D with partit/on
i). B¢ parwise olisgomnt
. n
ll), = \/4_

@ PLRi] >0 Vcernl
=> [a(m(«ffn7 PLAT -

VA -wuriﬁm L

Prop. 1.2% Bageg Joowiu (=
a

0 Event Ae with LA] >0

= PLAIR:1 PLe]
PrLecinl=

> Flale;l®les 1]

~elnl

oet. Tndicater funciion A
O An event e

= we Aefing te ‘adicator
—fw\d\‘w\ ﬂ ot ag

A, -
A, (w) = °o i wt
o T we

NoTE: A, is a valich ©u.

ASYMPTOTIC RESULTS

Griven an ifinte seguence of

fidd. Nandom variables Xz, Xa, oo
Xis -

CONSTRAINT

Vigcrciv ¥ %2, %uer

FPL K., € 7a, v, X s Xl = Flra)- FOmy)

pe{. Ewpirical awevage
O fve X, oo, Xn 2™

O A v oefined by

2"; Xilw)
= Xatw)t -4 X, (w)
Ny = —2 3

n ) n

& L, is the empirical cwicge

LAW 9OF LARGE NUMBERS

O EL[Xal] i well~detined and finfte
@ X ctiseste oR

X contin. ,'afe#mble

O wm=E[X7]

n

o2 X

=D (m =2

oo "

k%)

NOTE = View of the evert

0o __:{we H‘Z"m %XC(w) =m3
)
= pLe]=1

CENTRAL LIMIT THEOREM
[ Expectation ELX.*]
@ well-dlefines
@ Hin'te
D Define (). m=E[LXx41]
). 8% = Var (X.)
i) S.z Xated ),



INDEPENDE NCE

- olependency o-f
£ ventg s
Ve ic;hSCM‘EL )
conf MU 0VS a8

pef. Indeperdence of events v

O Eveats , are ‘ndepenstent

& L 1= ®RCATPLRT

Prop. 430 Egquiv. statemerts [u
O Buents , 5.

@ PCA1,PCe1 =0
= Egaiv. stefements ¢

0. Pr 1= ®RCATPLR]
@ pralel=®Lal
). ®re\s1="rs]

Renath . 429
@ PrLAT e lo, 1]
= VBE%:
L 1= ®CATPLET

@ I Praoai-PLAal’

= PLale iolaa
@ L 1=RLATRLBT

Y
PLA0R T = PLAT PLE°]

pef. Uist of ‘ndependent events o
O Events A WYielnl
O yJIefs, 03
PLO 1= TU®C A4
']G

j€

D The averts A ape tnelependest

F Indepencdent fet (3 events)
O Events 4, B C aw indepeadest

&) Baudckions «re saticfieel

o, PCAns1 = PLAT -FLR]
). PLAbET = PLAY -PLCT
. PCencl = PLeY -PLC
<), BT 1=PCAT- PLBY-FLCT

Det. Tnclependence V.
O n Random yatiabls  X: Yielnl

I

a Vl‘Aa, L, 0 € R o b ongarciood a;’ﬂ
PTXe 2aa,.. 'Xysa,]
= PLXa20aa] - PLXa=an]
Z:LS Xa o, Xn A I'Aolependen-t

2
& oxLXy Y elnd

Det. Fnclependence V.
D\ An oo - seguence 6{ V.

1 )

a . ate independent VYnelv

< ore indegendest .

1 1

RECALL : Giyen @ distrihulion furction
F, the exsfance ot @ Sefinect
{JNh. Spure andd tHre t UL s
Guaranteed,

Theovenn 4.34. Dister. func [nduced ©.U.
O n sistrl functions Fa, ... Fn
= O existene of prob.spuce (2, 7, #)
O N random vasieb\es Xi, ., K, on
@ Comespondence F= Fx

Ya Plxi £al= Fo(e)
@ Ka, ..., Kn are ¢‘nokePenJen—€

Detf. Tndep. & fdentitally Ritibafedl o

O Randon varidbles
Xa,Xa, ..

0o Xﬂlxll.., are tnfepenctent

O Xa, X2, ... Nuse the Same distric func, \/(’)‘, Fy: =

RANDOM VARIAB(LES

pef. Random vertable (v v)

A : — + 5 o
ap X st e
D [A)ell—de’f"m{ﬂq_ss Wehsura bl\g .
jﬂ)[ ] e (v. s o func.
vae(R: R 5

® A map el
which "info " (outopmes)
ove of onme type.

Lwe  X(w)sald e

{é\-) Ren~orrly * Powerset as set stevents
(). Random varlable easy chack [ K = F)

=D Every functifon X O s e
[ X € ag=(we - xwca]
cn ePwn)

Rema th - \/ak:‘ti edests NS
Ovevoon (70,7 %)
=> FoL\waV\% sets o ehstuved

to we gueiks (.. c )
:i>‘7“—$ Yoacr
Tla<sX<sv T voas<hbnR

s fx<al [x=2a] Veer

Ttk - checking if X s rv for (o, 7%)

STEP 4-:
USing oteTinidlon | £ink ot tle set

CTEPQ-
Checly the wa?\ﬁf\? o X ,
Alutde Kue velues  (ats *perts
STEPY

e ——Fov eucly "Pal‘t " of value e,
which outcowmes W shouldd be{ow? 4o
“hat ‘Pc‘r‘t“
STEP4: Fov euch Cuce, check “f +ne

<ot s lackeeodd on event

— L g V

CONTINUITY OF R-V.
pefa. Discwete oy

QA - .

QO ‘mage s ot most tountuble
K= xeip s Fwe Xew)= 7]
<“——‘15 The ~v. is dscrete

PetL. Disceele v

Orv. X:0 - IR
- £ O Show 2 takes values i €
N 3cc finte/ countuble discrete cet

\{:.oe X(w) & a shew Vz e [2=i3€7’—

ks prove nu. o be discrele

Det. continuous 1V
DA cv. X 0—

O Prstr. func of X can be written ag
Prosx4b) = PLa<x=b]

-
F,(m):j_m fondx VaelR 1 = Fatb) - Fxlat)
N .

- = jﬂ#mle
£ v X s centingoos
pecatc: i). PIX=al= Flay-Fla) =0
i.Vash
Pracxey]= PLex'ss] = [} toodx

Lempa. Continuity of ol dunc
O A wnfinugus  rendom var.
>< B —

= Fx 5 e« continuovs function

PIX=ax1=0 V7 (el

ﬂ’é) Value evulugtion

Note for X continuous

© T = [T o an

@ PUI%x:a]=0 VaelR fired

=> pro. ek on’ poit egou(s ©
bat ‘A un ‘."']t M€ me( snterval
cedeuleot ably .

RECOG NIZING Confinuock 1.0

Theotem 39 .

A Dystef. fune Fy of Sew~e v X

@ Fx is continuovs
@ FEx s pw. C?
£> Fwo=-00<Kq< < Kaaa <Ap= o0

st Fx is & onall To= (X Kya)
=> ). rv. X is Cowlihoous

). Density func f Constructed oy

- Vaeln, mea) 400 = B 0o
- setting acbitravg values at Fa, ., Aag



DTscesTE DISTRIBUTION

Def. Distribution O'T X
[0 Discoede vv. X = E—|R
@ Set £ is finHe/tountably
O A sequene of pumbers  (pyo)ye
Yxe Pr= L x=x7
S (Pdxer is the distibution of X

Remarls - Ca((‘z(m‘r'r\? 1 of a subget

O A sequene (p,) .. «s ATt hation
of X [oiscoeten

owg@f <
= Plxesl=2 p

F'-QP 2.J. Sum of th olistr'buti b

O ostribution of X Py)e =
= S pe=a
XEE

RECALL: Prob. spate ancl r.v.
Can he foduced by a

D(I'Sff:'. -Fum(, F hat 5«fﬁ>”fr‘(}
Propertte f 4

- Yef X be a rv. with oAt (Pr)xata !

OA sequene (F") @ Pxelo,1]
=7 Existence of © o =1
xEE

i, P)
G)ev. N with distribation (pr)

TooLKITS « Approxipation

Toveh s applox, D'F oo - Covntable sef

apProy( mates

)

&E [ ¥n F,cE and Fu CFpga

a==0 Ff,
aefN

Lemmu. Countable sof s nf/z/wr-abb
[J set
= (

'S (ountably
) st )

Pet. Sow st Nouney . NuUmbers

QO Sequence st nonney - N umbers
( Uy ) yer

& Dejine the sum of the ax «s

Z 0= SeP S ays lim S Rx

x€E FCE n—>0°

Vx axz©°

=€ Fn

NoTATION
e CASEA : Index set E =[N

2 ax= i e = Hw»(ia,)
x =0 n

*®e N

pef. Sum ot an praw\o(a segquRice

a A seguene (@x)xee
a Z qu\ <
xEeE

& Sequence s :'mfearqb%
Lewmima, induced  $Lguance’

(O Integrable real Seguence (®eep
O sub seguenses

‘lw-‘ = may (OI «,{) Pos- pert
Ux = Moy (o, —bx) ney. puit

=2 Suwm of €We cefuance rq;m%f\'ﬁ«bu as

Z s Tt o T

xCE x€E xEE

Remavrl . 2.4, Tntegrab, (Hy =>finte som
U A stquence (&x) s ategrble
= 2 ax s always foaq

XKEE

Cxampl - D»‘\/m@«e,rt seqpuen(e
. geé.os;-.
E =2 opproxey Baxdoa,nd e

i), seguence (u,) with ae= (-1)"™!

Groul * olfen  sum of valuws of (ax)

Zo\X =7

x€EE

>eR

— (x| A
R Z oy = L (—ﬂ) =(-1)
xeE XEFn

Taking the Limif

ﬁ lim Z (—g_)[” M{"J-,/.lj

100" XéFp

FORTINI THESREMS
set-up
[ Sets E, F
@ tnte o countable

O A {amily of aunbes (w,,)

Theoyom. Fubini ({or nonney. sequencs)
lz( Set-up

O «

apg NOANLG. puUmbE S

= E a2 (3] 2]

(3

Theorea. Fubin' (for nlegrable seg.)
wi Se‘(—uF

O « are numhers

PISTRIBUTION FUNCTION

Pef. Pistei. function of X
O Probobs Loty space (2, 0 )
O Pandom yarsble X
O A fanckon Fxilk —
VaelR : Fa)= P[ X< a]
& Fy is the ckistribution faction of X |

Prop.4.13 Basic Tcken’ﬁ‘fg,

0 Diskefunciion Foof X

O whewR (a<bh)

= PLua< X ¢bT= Flh)- Fea)

O Dpistr, fune Fx

= YouwelR:

Theopem. Properties of Fx (/17)
O Distr.function Fy = (0 —
=> Properties

)F s nonotac(ms.’rxa,

O, T s p:%k{ continuous
Ry = lm Frath) yaelR
Wio

Q). Tn-vurge Lo 4]

+ Um Fay=o © Um Pow =4
0~ U 00
CONCEYT: Lett/ Right continuity.

L1, R..?h{ conf[m(fg, L2, Left contin m'—E?

/JK Fx(h)

Fxfi)//
o

TTheovem . Oistri. Lunctlon (nduced ™V

O A function [: [ —
o properties O=iit) (17)

serf s fi'es

=30, « probability. space (52,7, P)

(), a pandom varsable X - -
ot F=F,

- IEA: T F s given

~ % gt X be « rv. with
distrilowtion function F”

~ enables s{uferents og
alogul

Prap.1.20. Ew[m.’w% PLx=da]
oA rv. )(: —

()

"o

T x=e7]
Fla) ~ F(a™d  if P discen
I et g

° 1 e(Se



SPECIAL RV (Piscotte)
Pef. Bernoulle ev. Eerlp)
O A rv. XeE— IR, E=]0,1]
O Probakrlity measave
Plx=21=7 VYpeloal
Plx=o]-1-p
& orove v o« Berpoullc v,
& X o~ Baulp)
Expectation
BLx]=1-PLx=1110 BLx=p71 =p
Variuancte
Ve[ x]=ELx"T-ELT =p-t-p)
Pef. Binomia( £V 2,000, p)
O A rv. X:E— IR
@rE=fo, . ,nj

[ Proba h.’[.’-(% measuie

TLCO: BINSMIAL v,

with Pm of sutcess

n=b
Ypeloal: \ EPITE )

L n-=k
1?[ x= k] Tk Lzo&i::f.}je) ewait for
G Aimes

& v, is o binomial rv. 0 o0 o
(Pnee = (k ) -py - p
& X~ By (n,p)

TP - wiipuurf € Bernould
Sum of Bernoullis =

Elx1 12"14 ECY:T=np

B,'nnm"f(-

VarlcT = 2 VL] =p caop

NOTE = Guavantees of exfstence(Bin (n,p))
n -
Griven P": (k) Pk(i’P)" h

n n
— n o

prop 2.49 . Sum of indeperclent Bec(p) & Binla,p)
a X~ Belp) Peetnl, neiN wore- )
R ~ Binlm
X are i'nde pendent (i) rv. ijvzng)(,-": !

@ Parameter pe St Koot
$a and S have the
D- Sn:: X:L +"'+Xn

same distripntion

= Sa~ Bialnp)

- eapmw, operimest 1 timwes

@ @ OO @ o

Def . Geomettic V. Lreom(p)
O rv X £E—(R
QF -
2 Prob. measure
Vke £ By =k1= a-p)*p
<=2 X o~ &UM(/))

A58 suuess i an
infinie segutae of
Bepaoull i emperiments
withe parem. p.

NoTe @ X & Gegmls) with k=4 Tool * Geonetic serles
-, = a
=2 «?[X‘-k]=(4—4)" 1_1 > ar= 1o Vil<a
- (0
0¥ g
o
=0 = 4

ﬁ: Guqm'\f?@, rrf Qn‘)fqh[?(éggm(f:})

P

Griven P (4 - )"“f‘

= Zpk- fnLu P _1,,

4
p=1

1 .a
"(”‘F)—"

E(x]= z -pt

VCNEX—I = 1‘;—5

Prop2.45. Absente of metory. | Lzoplp)
O T~ &réw\aﬁp) -'[qf Soml pe (Oli)
= Vnzo Vhzi

PLT znth [ T2n] = PLT2 ]

Def. Pavsson 1. Fofsson (3)
D V. x: —_—
@ =

O Prob. meacuye »70
3

Vie N : RUx=k1= 7& e

&> X~ Pojsson ( N)

Note: Guaratees of existence (Poison)
IS .
ZFx:e ZL_: gAek:g\

x€E =0 Lt

ElXx]-2 Li‘_: €~>=N{\e>=>\
&1

Voelx] =2

Det. Yle?«f-‘vt binomel
O eow )(: - [R
@ -

Q Prob. measure

Vike = B X=k1- (tﬁ)?’-u—w“

= X~ NR L)

r
elx]= Z ECx:] ="F

(- P)

VacIx] = Z Vae[x:] =

pef. H}y(r}mmﬁ’v‘r_
In einer (rne seien N Gregenstinle,
doverr v wm Typ 4 unck n-r wi~
Typ 2. fan 2icht ohne Zuntchlecen
m der &t}ens-ﬂ?'nde_ pec Zafallsricble
X beschieibt die Anzahl oer Ceégontlind@
wam Typ 1 inder SHihprobe. Der Wertebereich
wm X st D0 =§ 0,4, ., min(m, ) and
(f),(mr )
BLx=hl= 2l Aok)  for ke »00X)
"
4 v
X7 = 2 CPLx=iT=mT

n-m

\fw[ﬂ— mo (15 ) 2

RELATION BETWEEN fu.

@. Biromial P Beruoull!
- Diswete ..

D Binta,p) ) Ber(p)
=> Prsfeil seguences (P,

of 1), {) are the same,

®. Indeperdent binomial ro.
. Drocvete V.
X ~ Bnlmyp)
Y~ Bialr, p)
@ X, Y are mdeperclent (x L 7)
= X+ A Baalmin, pd

Prop 2.16 . First success

O oo~ ¢equence o v,
Xi ~ Bulp) Vel
© Twotependeae of X

(XT)V‘E:D' e .‘/\dlepenu(c/rﬁ ru.
s VI O W finie

O 4 Mep Tz mf/l{ ﬂ}a:xﬂzij
=T ~ Goom(p)

7 SYlcess ek h-tntiwe”
{T:&& = [x4=0|.../7<u~1'—ol)(h:iz
T flost n Bemondli e erimanits ferilect "
T > n% = fuea | Tew) =05
= (weﬁ\ win{ k21 ’Xr—dj>"7}

NOE: PLT=001= 0
FTCT=>n1-Ca- ]7) - 0 0 © @ -

'f iLend

“ never 3t « succoss”

T=00 & |T=e}

PoissonN & BINOMIAL

TOOL « Convergence 'n &0 bution
3 A sequene of t.v. Xa, %3, ...
[ sequence converges  a A X5t bfon

foa rv. X o
_>><

ED Vb whick Fa s (048 nu00s

() expix) =

[n'_gﬂﬂ Fy, () = F O
prop. Peisson approx, b? binon el
O Vrz4: X4 B"n(n/—ni)
_ . o
= ')‘ )<n_’> N

we ke = B =T = Ly - 4T

i) W o~ Possson ()

Exewple polsson appox. for Larjl Xoc Bialmp)

?ta. M A ﬂ/'/L(’L,P)
= _1_0

sps_te = A=20
- '«W[M-ﬂ- "5 mistalies /page”
Fa=s 1 = [F) - (ﬂth‘“e 00138

5!

() ep(x)= '{'_;MN (14

2 )
TooL: Convergence {o €7/

x N
)



SPECIAL RV (ConTiuous)

Cilven o continuous 0. X

T"/Exf (»)

TYPES conT. (.. Denstvy fanc Ty
a2 a - o0 a
)(ruﬂ(ﬂq, L]) 7[‘al'°(r7<): {I——_ﬂl , = €Cc, b —a 00 E[
O 1
x ¢ (.“,b—] L L \)( ! ~ !y’
-Ax A 1
'(>‘ (‘?() ] {A ) , =T 2 \ {Mx):qu% Fremza-e™¥
x x

° t+ X <o r
By

An,200)

1 K

S22

*M/& (./)r) =

X’V N(M, 61)

N

L\%%. er &
jg é
=>

m-¢ m mte

EUEN FONC!

Def. Ex’) oneitia|

Per. Uniform
X~ MLe, b7)
@ aling alo ota dafepunn ( e, ctd] €L, b T ~ EXP (X)
BT Xele, c4l1] -’-‘—é; @ eFPOYl%'t"QUVP Small MH/"MY /:/vﬁ,
)t
Vezo PIT>17-2¢

@ Dlstel. fuactlon
9 , X<a

@ Absence of memory.

Det. Normal
' X v N(m, 8%)

LT S

_ b-=
X] = 5

[F{x]1 =m

@. 3 Lt of nteperdent wV.

Xomw Nome 2.2)

n
Iz = me b AKX

= Mt D Xt

vt Aan

= N n 2 2
- Zao /\/‘(Mﬁerm:)ZA;A\-)
i=q (=12

F’x(’)()'- 'K—L_—%, wexeb
4, X>b
Ve, s zo s PLT>H4s | T2t 1=PLT 5]

@, Standegrel om'-fwm ro.
X = arw-a)y
T~ U0, 11)

@).Stn datd pgewe 1.0

O X ~ Nco4)

12

= 2~ \im, )

z= mt & X

\/ht[T] :’3'2

A4~ Ber(p)
ELA4] = PLAT



EXPEcTATTION of ru.

Given oliccwte ro. X i =

coNpLTzoN ErpECTATION
9. X =0 ELx1=C a-RL X =x
wonsant s szn !) er _—\

), )( s ,',,-fa?fubw
L EL|X[1 < w

PROPERTIES
¢ ELjo0th0)] < ECyood t ELho]

: Efax1 = « - ELX]

Elx+c<17 ELX] +tc

E[c] = cC

EXPECTATION LINEARITY
El ~uU. X/ ¥ —
o x‘nfeamloke

= \i I>\ e N X , X ‘f“{ are fwtq?,mb\[ Aiscpete v

1. ELM-X]= X ELX]
2. ELX+¢1=< ECxTI+ELY]

RE MARK * i)V'l’T/l,

W) s v X, Ka s OV E integuabie
M)A e

=D | [EldXot 420X 1= MELS T4 42 ETK]
Examply: Expectation of S~ Binlnyp)
4. S~ P.',.cn,,z}“[o’“
B @osky Sa= 2 X0 wit Save Wit
(=1

@h«\akg use ey L(ul/th"(:\}

= E[ST17E(S:I-1p

ELXI:: ZX'?CX‘-X_—\

Prop2 .30 Tailsun fammula
O X:n—=E &~ rv.
On=n-loae.}

= |[ELx]= 2 ®Lx=n]
A=4

—_

== I"\roc'(un'{' ]

Theoitm . Jensen’s jnequality
[ Oisenete rov. X 20—
O A convex funcfon ¢:|p =

O Expectations: well-de]ineness sf &

= $(ELXT) € EL[¢0]

NoTe <@, PO - x| = [ELx| < ECIx[]

@ doo-» = E[IX] < {Erx']

Theordwm .Imu7q random verable ne (N
] jlrj Wse of W noo Ko, Xn o o

Q ¢ —
“\) {D Z. \‘#(*4,.,,/}(4)\'?[Xi:ﬂ'l,u.,xﬂf’)’n] <
o %1, knC

= (). Induced *scmete V.
T = (X0, Xn)
i), 2 i intepMole i ELIZ] < oo

‘l“:)~ IE[__?_]: Zkfu"/-«',)‘ﬂ)‘:?[Xitm,-..,xﬂf’h] +*

K1, hnl

Theordw ,Imu7e random veerable =
}{ 1 Dicvete r.v. X : —

o ¢:r—
S0 Z ol BLx-ad<e

= ). Taductd  chisere, .0, %:7§(X) NOTE = for 2= $(X)

o Dé: "> Fcle,+0
")' 2Z s (\n'fe(&m)a\@

= Z % 9 as.

i - . T
) Ef2] é‘f’m'?“ ) D ) alwigs helds

TNDEPENDENCE OF ru.

Given olseretl rv. )( &

’

Eguly. stufements

()X, Y are ,'natependéﬂ'ﬁ

M), Va,be IR
PLx=a, v=bT=PLx=«T FL 7257
||’.‘!)’ \17/{/7" IR = IR

ELL0) a0 = B[40 ] - ELHY) ]
with expectetsms well-deyinet

Cheorem 237 Todependence LList]
O piscoe. r.0. X1,un) Xn
=D Egalv. ¢kertemunts
. X1, .., Xn ove inctependent
() VX, %a € IR
PLX2= %, o, Xn =2 = POXq= 401 LK 0= a)

i), Ve, . o IR = 1%

1K) integare Wi

@ EL60G) - 4a06)] = BLAGD ]~ E[4,06)])

CoONTEREXAMPLE = [ELx ] not well-detined

Spectal case : Cﬂuchg Aiste).
27X has Cavehy oteste,
03
e X s continuovs wtl {
= _ﬂ'_ I

{0 & i s TR
NOTE *@. X /s nof :'A‘(egr«ble

= 1 [ad .

ECIx]1 ?;le‘XI'Tl;)-(ID()‘:‘fOO!ﬂ

@ .Fov bounded wterveals
2
0. Lim v 2 ——\X o = _1[992
N= 0o N z 4-+X1 X T

! "')» (‘m N, *

Lo
VPR ) e 17T Tl




EXPECTATION Lconln

Given rv. X:O—>W
@ X s centluvoos
@ &‘J-ens\’fiﬂ- func S *

coNp1TioN ErpPECTATLOA
9. X =zo ELD= [ o fooen
cconstant sszn!) -
=J\v = Afox) tlx
20 " R

“ELXT < e EDXT [T e fou ol

i ) . ¢ : —

EL00] = f 7 oo dx
j:l 0| fox) efx <o

NOTE: Giwn () witn f

B\ Witk &Y= 300

CoNSTRATNT [
ELYT = EL¢O]
T=9x) = s ] [y ’
foﬂf?y], ) 8 7('3)‘{'3 = J_n Pex)-H0x) Ax

R T e
AN %‘:‘0 RLY ?1 J_DQ‘PCX)“[U)‘*X

Theorew 2,94, (notependent ¢.v. [ ontl)
A ro. X/ Y Cont/pnvovs

@ with densities 1 ,7{Lr
=) Eguivd. ckafe mensts

). X/Y are ndepencent

i“). )(/ \f ore 7‘0.'.«‘(‘[3 cont, wth

@fx,k(w, PED NOR MTS

). Vv (f)/'\\/ T -

Theovem 2.5, Jensen’s inegwelitty Ccortin. "]

A r.v. X (onfinyoos

O ¢:mp- (onvay

wne\l-ole]iness neeslel

= ¢(E0x1) ¢ ELP00]

well-steFined expec. needed !

ECSO0) W)= EL$(x)] ELP()]

VARTIANCE o cw.
Det. Varance of )(
) Piscee. r.v. X

D Expecfation bounded ELX*] < oo (<)

& D), Yariance of X e ECXT
&= ELO-m)*]
V) T andund deuicition of X 4

= z
by

NOTE - well-defineness of M
a) ELX*] < o

) Tenser's ineg

ELIXIT € [ELPT < ELXTT < oo

S( wll - otefineness ,’M‘e/a/[mbuz X

ELxT is  well-defied
BASIC PROPERTIES o,
D O prsee.rv. X @ ELx*] <o
=, EIx*1-ELxT
G0 ust of co. Xa .. Xa

1"

ul 2
D37 2 bz bt 20
=1

VARIANCE ofF X (oufinu.
briwtnn X0 L= IR Contin. withh F

Det Varfance of X
O ECx*] < oo
4 wm= ELX]

& Vulx) = & = ELC-m)*]

'j: (x-m)*. dooredx

PROPERTILES

Given co. X contin.
QELx*] <w

= ). & ECx7]-ELxT’
i) &’A;m: ool o, ker)

Given cv. Xa,.. X, CTlist]
@ X: paicwist ,‘mie)mdm‘[
O© E[x*] <o V-

Lt S=3 A - A2 Kot M Xa

V21

= ValS ) ol ZA )\;‘&;‘
=4

O paireist /ho{oilnoleﬂﬁ
O S= Xadot ko

JOINT DICSTRIROTION

pe}. Joint oRiskrbution

O (st of n discote P.V.Aow £ same
Yo N Vierna (R,F,%)

@ C I fialte /countably
D An (fﬁdé)(éo{) -{:uw.,’/y

L{)""z")x")’xne ) Xn€
P'xg,,../x, :’i—d— :HDE )(1: X&I
@7 L P'M, o, Kn )rxae Ly Xn€ i —tb\l “6\‘9'.'\-&

Rickrih vtion of the s X \/(ﬁfn]

ke, yoiut dist; ~for indopendest ..

0 X tnolependept VceLad

= Pra,enyxn = PT Xa= Xa o, X = % 1

= WE Xa :X:Ll--— EP[ X,\:kn-j

LR

of dixvete vu.
prop2.23. Consielet r.v. as vmugos.
wza!
(Y A -(Mv\c‘h.ar]/ ¢: |R"_> s
O (il of n discoete rv.
Xi: o — Yielnl
o frniee/ countuble
®/ =
Tl rue 2 — $LELx-xEn)

ZE G0, )
= (). Z is Qisteete 9.

R Eistrih ution 9'{‘ Z

V?Q ¥ KPL—Z = 7] :Z @[ X1=Xa'4../?<w‘kn}
X:e

DUxa, Xm)=2

] Kn= 'X“]

Def. Cont. Joint distrbution  [Contin)
A e X, ¥ - contpovoS

O X, Y have o cont/n. Foint ctestrioofiba
et
=

j}t){e[q,«a’], Yels,v1] = j: (5:' Fex oy "{1) Aox

For £ver

RECALL: Pistr of disee, vy, & Px=2
XEE

~Z SouaHT: for £ wwl Xeqnc R Lj(z)d

Kemmn 3.43  (ortect sum of Joirt dis.

2 +
O Joiet sensity f TR0 Y

= j_: U: fox,9) 49) dx =4

NOTE: Griven 1: IR = K5 gulflivg @
W ten copstuct (s, ), B) and
XY =R witn joiat otistel f
cores pond .'r\g [‘}

Det. Expectedion of  $(x, )
O Jo/nt d‘QI\SH’g #X/Y ot .V, X/ \[/
0 ¢:R"— R
aet
@ Z = ¢( X, u)

=2 EBrpectafion of 2 [ weu-<ofined lutegue( neededt )

EC2 1= Jimfﬂ duxy) - fylkr(x,\/pdlyo{ta,

LLNEARITY -Joint fieky.

EOX+py1= >EIXI+ nECT]

e Mma, .\mkqwmu,d' =) ,Z‘o\‘dfg fon . Cr.v)
D ev. X, Y e inckepenclent

= K, T o ,)‘a:'y-'f(l/(} (ontinvovs

1), Joint density FAIRT— Ry nt,

X

4



Def. Maximuw Likelihood estimmator

STATISTICS O A reslisation &= (e, 20 TERMINOLOGY
. x: il O Mmuawum of the (ike( hooel fuuc ‘ f"lﬁ"PlZ l’l?PO. e~ oistry, of Xa,..., Xn
v ' L Lx(é) 2T e Ly (9) ['“’7’/'- dettrminecs vnder
o ¥
. ® “the k}pa thegs Ho or Ha
e Discroke wodels ® (onfiny LUS Wodle(.j o 2
Xin Ber(p) peload Xi v (1 0,01) ,02° & Papameter 8:= 6(%a ) Xn) is
‘ S ‘ ' ! 7 Me Wy mun bikel; hood estimator ERrRoR TYPES
sy o
X Gemmip) pelo,al Xeor Exp (V) A 50 ' o ot - TyreT eror: reject Ho when Ho s <rwe
XL' & Porssaal}) A>0 Xc¢ ~ NC m, ) melp, PR NOTE : multivariate (iRelihoot franc.
\'5S0n ,

COASELL (P ) = P L, X001

CCASED: {a,q (%)

TQPW/V\V[D’] la,l Reqli2=1'on of the waocte |
= La(8e 6, )= e (06, ) s Type L ercor : neept Ho whew Ha occurs
- Rocl'gation € a vector o= (X3, ., ¥n) € Ikn 62,0y, L of fle tef

1-ps - B, Lo, k) =0]

= Bral dear,yxy=a] 2
CONFIDENCE TNTERVALS

MAXTIMUM (TKE[THOOD LESTIMATOR Bl dr o wg] 0
PRIORITIES
Dat. 2 o - confidence .\ Type I ercof 2 Type T €ror
Se—0 ¢ Disepibution (pelx)) f.o2 Fidence \fervel
(I b del N
of ..o 1.V X, X, kepends O A prob, model with param. © Theorem 4.3 egman -Pastion’s
o @ein D A realeation %= (%2, ., x1) (D A stat. Framewor
= YxeE : PLX: =a]= fotx) O An interval T =LCacx), hex)] < IR @ 7mple h;po. Ho, Ha
s with tihe Sorme neloveenr@ (gue (
Def. L. kel hook Fancti'on of X [pscxe] O T s « 'i% "(0r\'f,‘o{€/\c~€ ntervel 7(90 6 O 7e with ¢ veen( we (oL
’ ) N ‘oo X OP‘ n/ A—>£O i}
[ A reabization @ = (a a) e E" 2 @ Lihelihoot ratlo st )
L 1,..,/ " <=> _ __=
o (Xa, o) X ) Vo ﬂ)[q()(a/ ., %) €0 < blx, “',Xn)—_l Z Zo0
=) ViRrel hood ratio tewk s The most POMrz(u(
C:) Lfl&((,:hoo:l -fvw\C'('-' ow c-f xX
< C
L% | (o)= P[ X . TATISTICAL TESTS Eval 40, %) 2 Evald 00y 5]
7‘(9 = [ Ka=xa, v, A 'ﬂ’n] null hypo. H, : 67 0o sotsfied ~ @Ho['] e
O l‘\Q7 &[‘fef. h”pg H:l 80, fﬁ*-‘Sf.‘Qd A~ jFPH»l[ .]
= B0 xamma]e RLxa=]
= Po ()t Po(xn) Det. Test fqvac-h'om

O A fealzation x=(xq .. xa)e€ "/ 10"
Det. Likelihook function of a L Cont.] feipatin m G ) &

[ A reabization & =(%a,.. 2,) e 1" O A function o= E7/ 12" —={0,4)

-fa( LXal vy, Xm) Ho is ch(P{Qd

o
dex) = !
= L leeL: hooed functiow o"f x 1, Ho s re-i‘ad'?d

L(o) =T Ly(e) = g0xa) fo(xa) = s the test functlon



PROCEDPORE : (Rel kool paclio Tt

Givea 8o, 84 ,... (17. Wri(m',\ on lf\eqa(]] =9-=0,73

STEP 0 specfy tae moce (_

@ x¢ (#xi=2, X, Bu(p)/tCabn ?)

STEP A Choose hypotlese for tue teyl
@ Assln 0: to<he hypotheses
Ho: p= 973
Ha:p =095
STEP 2. Undestancling esrov types o the contort
Type I o) Bu L ] usedd = (o aclucllyy pect

) He reyec. = (ody not had => ueep

Type L: 7). P+ ] used => coinn q;fuo//g, ;gpQ’
). Ho accept, = (o 1 had = Ehrsw cway,
STEP 3: (a(cu[m‘;'#\? the Pryo , Fryg ~ v
Pro[x =212 [x08) = Po,ta) - Po, ()
Frg[ = x] = Ly (02) = Poalxa)e

Poa (%n)
= vi)= Ly (8,) [xI | o 20
Ly (94) 129
Ba
rx)
Pef. Likelthood peto (%)

[ realizaton «=(xa,.. %xn)
[ Lfkeldhood func{‘n‘DN of 0o, 64

O H\é,po ol §Q'flt5T1:€°€
’{:PHo[Xi: X2, ., Xn
PraUX s =0 o,

/ /

""Th] = L,\-(GO)

XV\ = 7(.4’] = Lx{gi)
D Petine e Ukelthood tatilo

dx) =

1, r0) g c (Horey)

IPHQ [“'(X’l‘ ey Xn) s C j

_TQI&ONOMETRY Cosh’OY ~shoey = 4 TNTEERAL
sin(@)= “[e “‘] s @) = —l—[ e Ty e_ci] " (] x|
_ ' = x "
sinhe)= e -e™]  cosh(x) = > [t €™ ] . =
,, . \ o Cnle
a Ay
si =3[ 1-¢ SiNx) = Z | 3509 5 1
n ) zﬁ[ aS(Z)()—J ) 71-_[ () HLSX)—J Costox £an x
les )= 3 [ 1t(es2x) ] (OSS(X) = —%— [&(es(_x)-q-(os(l)r)] a P
;I‘ny -‘Otx = —'{_QA_x.
1
5;,\‘%0() = ?[(o&(q—x)—‘{-(ﬂ&(ﬂ()‘l‘s_} - apCSin x
1-x*
ty = L .
oS00 = 5 [ costax)+4c¢ sc1><)+.’>:, 4:”‘: arctany
1
‘ 1 Ey -EU'I ;\x
Sm(se)s.‘,\%) = T[(os(,x—\g,) —Cosl X f%)_] “:k g
nh? "‘(‘O-t['\)c
Cos () (e5Cy) = :q [(ogcx-«g_) +foscx+%)_l kX
SinGA st = 3 [ Stntc-ty) + sin0x 1) ]
St ) ooy = L [sicax) )
Sin(x14)= 5%)coscy)t €050 Sth(y)
(oS(xty) = Co500) (o50Y ) F SN LA Sinlly,)
SinGet) Sinlx=4) = costy) —cos™x) = sipx) —$in’ty)
coacxw“g)coxx-lg): &,52(‘9) = 5NHx) = CosAny —siaX “@+)
ErRoR TYPES
relevanie Luel
o= P lr(Xa, . kn) 2]
Power of the fe
0 AlL. —
roxd > (He e = L- = a-Plv (X, x,)>C]

j £069 Goayelx =
[ Fea 9] - | Foapuodx
Cqszx COS'XanK +7(
P2
Sin?x X—Co5K5 0¥
" 1
5-' 2 2
osxsnx oK =-3 (5 )X

Zyw
j o kwx) Sin({wx) hx =0

0

a
jo (93 0¢) dx fS’an)y();—_O

b4
j ml(x)cbc js'fo()o{x—_o
2

a 37T
cosfprolx Sint0dolx = 2o
J S :



